With the aim of extending the TDHF theory in canonical form to the Lipkin model, the trial state for the variation is constructed. This state is an extension of the Slater determinant. The canonicity condition is imposed to formulate the variational approach in canonical form. A possible solution of the canonicity condition is given, and the zero-point fluctuation induced by the uncertainty principle is investigated in terms of the minimum uncertainty relation, which leads to a better approximation of the ground state energy. Further, the time evolution of both sets of canonical variables, which represent the classical motion and quantal effects, is examined. §1. Introduction
§1. Introduction
The time-dependent Hartree-Fock (TDHF) theory is a powerful method to investigate the dynamics of quantum many-fermion systems. In particular, this theory has been developed in the context of nuclear many-body problems. 1) The TDHF theory and the Hartree-Fock approximation are formulated on the basis of the variational method. In these methods, the trial state for the variation is prepared so as to describe a many-fermion system. The Slater determinant is usually adopted as a possible trial state. This state gives a possible classical counterpart to the quantum many-fermion system. For this purpose, the TDHF theory in canonical form presents a suitable treatment. In this treatment, the canonicity condition plays an essential and central role. 2), 3) This trial state, however, may be regarded as a kind of the coherent state.
Similarly, in many-boson systems, the coherent state gives the classical image of quantum many-boson systems. We have formulated a time-dependent variational approach to quantum many-boson systems, including appropriate quantum fluctuations for the systems under consideration. 4), 5) In these studies, the squeezed state has been applied to the variation as a possible trial state.
In quantum many-fermion systems, one of the present authors (Y. T.), together with Yamamura and Kuriyama, constructed the trial state in both the pairing 6) and the Lipkin models 7) corresponding to the boson squeezed state. In these models, the Hamiltonian can be expressed in terms of the quasi-spin operators. In that case, the Slater determinantal state is identical to the su(2)-coherent state. For this reason, we thus call the extended trial state the 'quasi-spin squeezed state'. We have con-structed a variational approximation, which includes the result of the Hartree-Fock approximation, in the Lipkin model. 7) This variational method using the quasi-spin squeezed state gives the results obtained in the random phase approximation (RPA) in the certain approximation. 5), 8) This indicates that our quasi-spin squeezed state approach to the Lipkin model is a possible extension of the Hartree-Fock approximation.
In this paper, with the aim of extending our previous work on the time-dependent variational approach to the Lipkin model, we investigate a possible solution of the canonicity condition in the quasi-spin squeezed state. The canonicity condition plays a central role in the formulation of the TDHF theory in canonical form. Thus, we can construct the extended TDHF theory in canonical form, if we use the quasi-spin squeezed state as a trial state instead of the Slater determinant. Also, the effect of the zero-point oscillation induced by the uncertainty principle is investigated in terms of the canonical variables. In this paper, the ground state energy is calculated by imposing the condition represented by the minimum uncertainty relation in order to consider the above-mentioned zero-point oscillation. The comparison of the ground state energies obtained with various states, not including the quasi-spin squeezed state investigated in this paper, is also reported in Ref. 9) . Further, the dynamics of the system governed by the Lipkin model Hamiltonian is also examined by using the quasi-spin squeezed state compared with the usual TDHF theory employing the Slater determinant.
This paper is organized as follows. In the next section, the Lipkin model is summarized, and notation is defined. In §3, the Slater determinant is used to describe the Lipkin model. In §4, a possible extension of the trial state for the variation is given. This state corresponds to the boson coherent state in many-boson systems. Further, the canonicity conditions are imposed, and possible solutions of these conditions are given. Also, the method of obtaining the approximate solution is discussed. The original idea for solving the canonicity condition is found in Ref. 10) . In §5, the energy expectation value is calculated, including the zero-point fluctuation induced by the uncertainty principle. In §6, the time evolution of the sets of canonical variables is investigated by considering the minimum uncertainty relation. This method is regarded as a possible extension of the TDHF theory. The last section is devoted to a summary. §2.
Summary of the Lipkin model
In this paper, we give a possible extension of the TDHF theory to the case of the Lipkin model. We consider 2Ω fermions existing in two single-particle levels with the same degeneracy, 2Ω. Here, Ω is a positive integer, and for convenience in the subsequent treatment, we introduce a half-integer j defined by Ω = j + 1/2 and an additional quantum number m to distinguish each single-particle state. As the free vacuum |0 , we adopt a state in which one level is occupied by all the fermions under consideration. We call this level the hole-level and the other the particle-level. In this model, we introduce the following set of operators:
Here, m runs from −j to +j and (a * jm , a jm ) and (b * jm , b jm ) are the particle and hole operators for the particle and hole state jm, respectively. They are fermion operators. The set (Ŝ + ,Ŝ − ,Ŝ 0 ) forms the su(2) algebra, obeying the relations
The Hamiltonian of the Lipkin model is given as follows:
In order to give a transparent connection to the boson system, whose form we have already given, it is convenient to define the quantitieŝ
The set (Â * ,Â,N ) satisfies the relations
The first relation shows that ifN/2Ω is negligible, the operatorsÂ andÂ * can be regarded as boson operators. Further, we defineQ,P andR in the following forms:
The operatorsQ,P andR satisfy the relationŝ
In this case, also, ifN/2Ω is negligible,Q andP can be regarded as the coordinate and its canonical momentum, andR becomes the unit operator. For the operatorsQ andP satisfying the relations (2 . 7) and (2 . 8), we have the following uncertainty relation:
Here, ∆Q and ∆P are defined by
Here, Ô represents the expectation value of the operatorÔ with respect to an arbitrary state | . This relation can be proved by using the relation
where, for arbitrary real number y,Ŷ * andŶ are defined aŝ 
where Φ(A * A) is given by
The state |φ(A) is a Slater determinant with the condition
The factor Φ(A * A) reduces to exp(A * A/2) in the limit A * A/2Ω → 0, and the state |φ(A) becomes a coherent state in the boson system. With the help of the following canonicity condition, we introduce a set of canonical variables (X * , X):
Of course, the variables X * and X satisfy the Poisson bracket relation {X, X * } P = 1.
Further, the equations of motion for X * and X are given by the variational principle. The explicit calculation of the left-hand side of Eq. (3 . 4) gives
A possible solution of Eqs. (3 . 4) and (3 . 5) is given by
With the use of the relations in (3 . 6), we can express all the relations in our present treatment in terms of X * and X. 
The above expectation values are those with respect to the state |φ(A) . We can see that they are the classical counterparts of the Holstein-Primakoff-type boson representation of the su(2) algebra. If X * X/2Ω is negligible, the relations in (3 . 7) show that the expectation values ofÂ * andÂ are reduced to the canonical variables X * and X. Then, the factor 1 − X * X/2Ω can be attributed to the blocking effect, a kind of quantum effect that comes from the exclusion principle. As mentioned in §1, one of our interests is to clarify the effect of the zero-point oscillation induced by the uncertainty principle. Therefore, we include the blocking effect in the classical counterpart.
With the aim of investigating the effect of the uncertainty principle, we calculate the following expectation values, of operators second order inÂ * ,Â andN :
Using the above relations, we obtain the following result for the state |φ(A) :
14)
With the use of the relations (2 . 6), (3 . 8), (3 . 12) and (3 . 13), we obtain the uncertainty relation 
Here, Q and P represent φ|Q|φ and φ|P |φ , respectively. We can see that if X * X/2Ω → 0 or 1, the above results reduce to those obtained for the coherent state of the boson system. The parts Q and P are the classical parts, and the additional parts are the effects of the zero-point oscillation.
Finally, we present the squares of the quasi-spins:
Certainly, the above results show that the quantum fluctuations can be taken into account in our treatment. The above is given in the framework of the Slater determinant, and it seems to suggest that the Slater determinant plays the same role as the coherent state in the boson system. Therefore, it cannot give a zero-point energy appropriate for the Hamiltonian, for example (2 . 3). In order to obtain the appropriate zero-point energy, in the next section, we develop a possible extension of the TDHF theory. §4. An extension of the trial state for the variation
We extend the Slater determinant shown in Eq. (3 . 1) to a form that enables us to obtain the correct zero-point energy. The original idea was presented by Yamamura in Ref. 10) . For this purpose, following the form for the boson system, we adopt the form
Here, the operatorB satisfies the condition
The normalization factor Ψ (B * B) is given as
We now present the possible forms of the operatorsB * andB together with the factor Ψ (B * B). For this purpose, we introduce the following set of the operators: Here, (α * jm , α jm ) and (β * jm , β jm ) represent fermion operators. The vacuum is |φ(A) . The explicit forms are as follows:
Here, U and V are defined by
They satisfy the relation U 2 + V * V = 1. As in the case of (2 . 4), we define the operatorB * andB satisfying the relation (4 . 2), together withM , aŝ
Clearly, we haveB|φ(A) = 0, and further,M |φ(A) = 0. They form the su(2) algebra, and their commutation relations are given by
With the use of the relations (4 . 8), we can calculate Ψ (B * B):
, which is identical to with the case of the boson system. It should be noted that in the framework of the condition (4 . 2), there are infinite possibilities for the selection of the operatorB. We adopt the form (4 . 7) as one of the possibilities. First, we introduce two sets of canonical variables, (X * , X) and (Y * , Y ), which satisfy the relations {X, X * } P = {Y, Y * } P = 1 and { other combinations } P = 0. These variables satisfy the following canonicity conditions:
The left-hand side of the above relation is given by 
Then, A * and A should satisfy
A solution of (4 . 13) is obtained in the form
where K(Y * Y ) is given as a solution of the equation
Since B * and B are functions of only Y * and Y , the parameters A * and A should satisfy the relation
The above relation comes from Eq. (4 . 12) for Z = X. A solution of Eq. (4 . 18) is given by
The solution (4 . 19) leads to the relation (4 . 14). Thus, we can obtain a solution of the canonicity conditions (4 . 10) and (4 . 11) in the form of (4 . 15) and (4 . 19). We can see that in the case Y * = Y = 0, the results (4 . 19) reduce to the forms (3 . 6). With the use of the solutions (4 . 15) and (4 . 19), U and V defined in Eq. (4 . 6) can be expressed as We are now in a position to calculate the expectation values of the operatorŝ A * , and so on, for the state |ψ(A, B) . For this purpose, first, we list the relationŝ
Next, we present the expectation values ofB * , and so on: 
Here, ψ|Ô|ψ is the expectation value with respect to the state |ψ (A, B) . Using the derivative of Ψ with respect to
The simplest approximate forms of K and L are as follows: 
In addition to the above cases, we have the following results: . Now, we can study the uncertainty relation for the present system. For this purpose, it is necessary to obtain the expressions for ∆Q and ∆P . With the use of the relations (4 . 35) -(4 . 38), we obtain the following results:
The square of the quasi-spin is expressed as 
The expectation values Ĥ ch and Ĥ sq with respect to the states |φ in (3 . 1) and |ψ in (4 . 1) are easily evaluated using (3 . 8), (3 . 9), (4 . 33), (4 . 34) and (4 . 35).
We give the energy expectation values with respect to the state |ψ in Appendix (A . 1). Here, we introduce other sets of canonical variables instead of X, X * , Y and Y * , which correspond to the action and angle variables:
Because the state |ψ has been constructed similarly to the boson squeezed state, the variables Y and Y * represent a certain kind of fluctuation. Therefore, n Y can be assumed to be small compared to 1. However, here we do not need to make any assumption regarding small fluctuations. We determine √ n Y so as to guarantee the minimum uncertainty relation.
Specifically, we impose the condition that the introduced state |ψ should retain to give the classical image. Under this condition, there are two ways to determine √ n Y to estimate the ground state energy.
The first way, which we call Method 1, is as follows. First, we choose the phase factors as ϕ X = ϕ Y = 0, because of the condition of minimum energy. Then, we determine the action variable n X from the condition ∂ Ĥ sq /∂n X = 0. Next, from the minimum uncertain relation,
we determine n Y . These calculations should be carried out consistently. Using these variables, the energy expectation value can be estimated. The second way, which we call Method 2, is as follows. First, we choose the phase factor as ϕ X = ϕ Y = 0, as above. Second, we determine n Y so as to satisfy the minimum uncertain relation (5 . 4). Next, we seek the minimum energy expectation value with respect to n X . In this case, the value of n X that satisfies the condition ∂ Ĥ sq /∂n X = 0 does not realize the minimum energy.
In Fig. 1 with respect to |ψ is closer to the exact energy eigenvalue than that obtained with the usual Slater determinant approach (dash-dotted curve). In particular, near the phase transition point, χ ≡ χ(1 − 1/(2Ω))/ = 1, the energy expectation values obtained with the squeezed state approach can approximately trace the the exact energy eigenvalues. It is pointed out that the energy expectation values near the transition point are reproduced well under the fixed minimum uncertainty relation (Method 2). For reference, the results obtained using the full variation are shown again 7) in Fig. 2 . Then, all four variables (n X , ϕ X , n Y , ϕ Y ) are taken as variational parameters. In Fig. 3 , the differences between the exact eigenvalue and the ground state energies obtained using the coherent state, method 1, method 2 and the full variational method with the quasi-spin squeezed state are plotted as functions of χ. It is found that, for all regions of χ, the full variation gives good results. §6. Time evolution of the dynamical variables
In the preceding sections, we presented the canonical formalism for the timedependent variational method with the quasi-spin squeezed state. With this formalism, we can investigate the time evolution of a system in the framework of the TDHF theory and its extension. In this section, we solve the canonical equations of motion obtained using the time-dependent variational method in canonical form.
Dynamical approach to the Lipkin model with the su(2)-coherent state
In this subsection, we adopt the su(2)-coherent state as the trial state of the time-dependent variational method in canonical form. The equations of motion are derived from the time-dependent variational principle:
With the help of the canonicity conditions, the derived equations of motion have the following forms:
Here, Ĥ ch is the expectation value of the Hamiltonian for the Lipkin model obtained with the su(2)-coherent state: Solving the canonical equations of motion (6 . 2) and (6 . 3), we can trace the time evolution of the canonical variables n X and ϕ X . In Figs. 4 and 5, phase space diagrams with respect to n X (t) and ϕ X (t) are plotted with the same initial conditions for both n X and ϕ X . In Fig. 4 , we adopt χ = 0.8. In this case, the "symmetric phase" is realized; that is the particle-hole pair does not condense. In this case, the trajectory in the phase space is not closed. In Fig. 5 we adopt χ = 1.8. In this case the "symmetry broken phase" is realized; that is there exists particle-hole pair condensation. Here, the trajectory in the phase space is closed. The shape of the phase trajectory is changed by the strength of particle-hole interaction, χ, or the initial conditions with respect to n X (t) and ϕ X (t).
Dynamical approach to the Lipkin model with the quasi-spin squeezed state
In §5, we showed that the introduction of a set of canonical variables n Y and ϕ Y , which represent quantum fluctuations, in the quasi-spin squeezed state yields much better approximate results for the ground state energy than the coherent state approach. In this subsection, we investigate the dynamics of a system governed by the Lipkin model Hamiltonian beyond the coherent state approach developed in the previous subsection. As a possible extension of the TDHF theory, we adopt the quasi-spin squeezed state as a trial state:
Using the quasi-spin squeezed state, we can analyze the dynamics of a system containing quantum effects. With the help of the canonicity conditions, we derive equations of motion in the following forms:
The expectation value of the Hamiltonian, Ĥ sq , with respect to the quasi-spin squeezed state and the explicit forms of the above equations of motion are given in Appendix A. Before we solve the canonical equations of motion (6 . 6) and (6 . 7), we must determine the initial values n X , ϕ X , n Y and ϕ Y at the initial time, t = 0. We can arbitrarily choose initial values for n X and ϕ X , because these variables represent the classical correspondence, namely, the classical motion. However, for the quantum fluctuations, we cannot choose their initial values arbitrarily. The reason for this is that if their effects are very large compared with classical correspondence, we are not able to investigate the system properly. Therefore, we need a guiding principle for determination of the initial values of n Y and ϕ Y . 4) We obtain an initial value of ϕ Y from the condition of the minimum energy expectation value due to the quantum effect, and then we obtain an initial value of n Y from the minimum uncertain relation given in Eq. (5 . 4). In the case ϕ X = 0, 
Then, we can safely choose ϕ X = ϕ Y = 0 as the initial values. In Fig. 6 , the initial value n Y (t = 0) is plotted as a function of n X (t = 0). This relation is derived by imposing the condition of the minimum uncertainty relation.
Solving the canonical equations of motion in (6 . 6) and (6 . 7), we can obtain the trajectory in phase space with respect to (n X , ϕ X ) and (n Y , ϕ Y ). In order to compare In order to investigate the effects of the quantum fluctuational variables, which are introduced in the quasi-spin squeezed state approach, on the classical motion, we carry out the Fourier transformation of time series for both n X (t) and n Y (t):
where ω is the frequency of oscillation, and the superscripts ch and sq for n X (t) are added to clearly distinguish the variables that are obtained with the coherent state approach and the quasi-spin squeezed state approach. Then, we obtain the power spectra with respect to n X (t) and n Y (t):
In Figs. 13 and 14, these power spectra with χ = 0.8 ( Fig. 13) and χ = 1.8 ( Fig. 14) are plotted. The above calculation (6 . 9) is performed numerically by discrete Fourier transform and its time range is from t = 0 to t = 10/ . The model parameters and initial values adopted here are the same as those used in Figs. 4 and 7 and Figs. 5 and 8, respectively. From both figures, it is found that the power spectrum S ch n X (ω) (dotted curve) has only one peak. However, S sq n X (ω) (solid curve), which takes into account the quantum fluctuations, has several peaks. In particular, Fig. 13 shows that the power spectrum S sq n X (ω) has another new peak in the low frequency region, in addition to the corresponding peak of S ch n X (ω). Therefore, in the region in which the interaction strength between the particle and hole is weak, the quantum fluctuations affect the classical motion as the a low-frequency effect. As a result, the low frequency oscillation is added like a beat as is seen in Fig. 7 in comparison with Fig. 4 . On the other hand, the region in which the particle-hole interaction strength is large, the low frequency effect vanishes. This is seen quite clearly in the case χ = 0.8. The power spectrum is slightly modified due to the quantum effects only the position of the peak is slightly shifted to the region of lower frequency.
The phase space trajectory in (P, Q)-space
In the previous subsections, the time evolution of the canonical variables in both the su(2)-coherent and quasi-spin squeezed states was investigated. In this subsection, we consider the time evolution of the variables Q and P , which were introduced in Eqs. (3 . 14) and (3 . 15) for the su(2)-coherent state and Eqs. (4 . 41) and (4 . 42) for the quasi-spin squeezed state derived from the expectation values for the operators (2 . 6).
In Figs. 15 -18 , the time evolution for P (t) and Q(t) with χ = 0.6 ( Fig. 15) and χ = 1.8 (Fig. 17) and the phase space trajectory with χ = 0.6 (Fig. 16) and χ = 1.8 ( Fig. 18) are plotted for the case of the su(2)-coherent state approach, that is, the usual TDHF approximation. In Figs. 19 -22 , the time evolution for P (t) and Q(t) with χ = 0.6 ( Fig. 19) and χ = 1.8 ( Fig. 21 ) and the phase space trajectory with Fig. 20) and χ = 1.8 ( Fig. 22) are plotted for the case of the quasi-spin squeezed state approach as a possible extension of the usual TDHF approximation. In the quasi-spin squeezed state approach, the quantum effects are automatically taken into account. It is clear in Figs. 15 -22 that the P (t)-Q(t) motion is modified by the quantum effects in comparison with the motion obtained using the su(2)-coherent state approach. The quantum effects may lead to the damping of the motion of the mean field or the collective motion in a system that has many degrees of freedom, such as the coupled Lipkin model. 11) This is another interesting problem to investigate. We have shown that an idea to extend the TDHF theory in canonical form can be formulated on the basis of the state extended from the Slater determinant. The essential ingredients in this approach are to use the extended state from the Slater determinant and to impose the canonicity conditions. This extended state, which we call a quasi-spin squeezed state in the Lipkin model in our previous papers, 6), 7) is a kind of squeezed state in comparison with the su(2)-coherent state. This state is constructed similarly to the usual boson squeezed state. By imposing the canonicity conditions for the variables that characterize the coherent part and the squeezed part, we obtained sets of canonical variables. It is thus found that it is possible to formulate the extended TDHF theory in a canonical form.
The zero-point fluctuation induced by the uncertainty principle was investigated, and the ground state energy was evaluated. We showed that the ground state energy is reproduced well compared with the results obtained using the Slater determinant. In particular, it was shown that, near the transition point, the energy expectation values calculated by imposing the condition of a fixed minimum uncertainty relation reproduce the exact energy eigenvalues well.
Further, we have investigated the dynamics of the system governed by the Lipkin model Hamiltonian in our extended TDHF theory in comparison with the usual TDHF approximation with the su(2)-coherent state. It was shown that the phase space trajectory for the classical motion is obviously modified by the quantum effects. As an attempt to extend the TDHF theory by introducing the squeezed state to other many-fermion systems, the usefulness of using the fermionic squeezed state for the O(4)-algebraic model, which is a schematic model with the pairing-plus-quadrapole interaction, has been reported. 12) 
